INTRODUCTION
Let X and Y be Hausdorff topological spaces and F: X+ Y a set-valued map.
A problem of continuing interest in analysis has been to study under what conditions, for a given point x E X, we can replace Fx by another set Cx in order to have upper semicontinuity in x together with some compactness property in Cx. For instance, if we are dealing with selection problems for F it is useful to have some compact subset Cx with Cx c Fx at a first stage, see [ 121. If we are dealing with extension problems for the range space F(X), it would be useful to have some compact subset Cx with Fx c Cx, see [3] . On the other hand, if we are looking for extension problems in the domain space Xc S, it would be useful to have some compact subset C's, for s E & with F(N n X) n Cs # 0 for any neighbourhood N of s in S, see [17] .
It is surprising that all these problems that have been studied by many different people have a common underlying structure. Our main objective in this paper is to reveal this common structure, and to study conditions to ensure the compactness of the sets Cx in each case.
In Section 2 we deal with decreasing sequences of sets and we study the compactness of their sets of cluster points. For this purpose we use some "sequential cluster sets" that have been previously used by Hansell, Jayne, Labuda, and Rogers [12] , and by the authors in [3] .
In Section 3 we apply these results to obtain the theorems on boundaries of upper semicontinuous set-valued maps stated in [12, 163. In Section 4 we apply these techniques to the problem of extending the range space of a set-valued map obtaining an upper semicontinuous compact set-valued map. See our previous paper [3] .
In Section 5 we specialize these results to the particular case of describing countably determined spaces. The informal idea is that when we have big enough compact sets in a topological space, it should itself be countably determined. Our results improve those previously obtained by Mercourakis [18] , even for Banach spaces with the weak topology.
In the last section we give a characterization of cosmic spaces through the property of having a family of compact sets covering it in a particular way. Our results here also improve those of Mercourakis [19] .
All the topological spaces we shall use here are assumed to be Hausdorff spaces. Standard references for notation and concepts are [lo, 151.
A subset A4 of a topological space X is said to be countably compact (or relatively countably compact) if every sequence in M has a cluster point in M (or in X, respectively).
A net (xi: ie Z, 3 } in a set X is said to be eventually in a subset A c X if there is some index i, in I such that {xi: FEZ, i>i,} c A
and it is said that it is frequently in A if for every j E I there is some ij >j such that X,,E A.
ON DECREASING SEQUENCES OF SETS
Let X be a Hausdorff topological space and d decreasing sequence of non void subsets d= {A,xA,z . . . 33~~~ . . f in X. If {xi: i E Z, 2 > is a net in X, we shall say that it is eventually in the sequence d if it is eventually in every A,.
The following definition is a natural extension of the concept of relatively countably compact subset of X:
is said to be relatively countably compact if every sequence which is eventually in r;4 has a cluster point in X. If the cluster point can be chosen in some fixed subset S of X, d is said to be relatively countably compact in S. The boundary of d is the set of cluster points of &:
n=l It is our intention here to give descriptions of the boundary B(d) and to study its compactness behaviour for a given decreasing sequence of sets .d in X.
The extension of the concept of relatively compact subset of X is the following: DEFINITION 2. d = (A,) is said to be relatively compact if every net which is eventually in d has a cluster point in X. When the cluster point can be chosen in some fixed subsets S of X, d is said to be relatively compact in S.
To take our discussion further, we shall need the "sequential cluster set" C(d, S)= {YES: 3(y,,) eventually in d and y,-+y}, where the symbol -+ means that Y is a cluster point of the sequence (y,). (1) For every sequence (x,) which is eventually in s&' the closure {x, : n = 1, 2, . . . > is countably compact.
(2) C(S&', X) is countably compact.
Proof: (1) 3 (2) Let (y,) be a sequence in C(d, X). For every positive integer j, there is a sequence (x',) in X eventually in JZ!, such that y, is a cluster point of (x',). There is an increasing sequence n{ < n; < . . < n; . . (1) For every sequence {x,,} which is eventually in ~4 the set (x,: n = 1, 2, . ..} n S is countably compact in X (2) C(z&', S) is countably compact.
Proof. This is exactly the same as the proof of the Main Lemma, if we use the fact that the sequences are in S. 1 For spaces in which the relatively countably compact sets are relatively compact much more can be said. One obvious class of spaces with this property is provided by the dual Banach spaces endowed with their weak* topologies, or more generally by the locally convex spaces which are quasicomplete for the Mackey topology. It is easily seen that all DieudonnC complete spaces have this property [12] . Let us recall that a topological space X is said to be angelic if the closure of each relatively countably compact subset A of X is compact, and consists precisely of the limits of sequences from A. The class of angelic spaces is large, as has been shown in [2, 3, 11, 20, 213 , and it contains many locally convex spaces in their weak topologies. Let us note that if F admits a peak at x,,, then it is automatically upper semicontinuous at x0, and, if F is upper semicontinuous at x0, then F(x,) itself is a trivial peak for Fat x0. We are concerned now with the problem of selecting a compact peak of Fat x,,. The following striking theorem was stated by Choquet [4, p. 701:
A multivalued map F between metric spaces that is upper semicontinuous at x0 admits a compact peak at x0.
Here the compact peak positively appears as a consequence of upper semicontinuity alone.
In 1977, Dolecki introduced in [6, 7) the set Frac F(x,) = n { F( U)\F(x,): U is a neighbourhood of xOJ which he called the "active frontier" of F at x0, and he showed that Frac F(x,) is compact when Y is a metric space and x,, has a countable neighbourhood basis; Dolecki and Rolewicz showed in [9] under the same assumption that Frac F(x,) c F(x,) and finally, Dolecki and Lechicki proved in [S] that Frac F(x,) has Choquet's property. Thus THEOREM (Choquet-Dolecki). Let x0 be a first countable point in X and Y a metric space. If F is a multivalued map from X into Y that is upper semicontinuous at x0, then Frac F(x,) is compact, and moreover, it is the smallest peak of F at x0.
Recently the notion of the active frontier has been successfully applied in a series of papers by Jayne and Rogers [ 13, 141, Hansell, Jayne, Rogers, and Labuda [12, 161. In the last papers the compactness of the active frontier, as well as the compactness of the set K(x,) = Frac (x0) n F(x,) are obtained under weak assumptions on X, Y, and F. Previous work by Jayne and Rogers [13, 141 obtains powerful selection results for upper semicontinuous set-valued maps in cases when this boundary is compact.
It is our aim here to show how to obtain all the former results when we use our main lemma on decreasing sequences of sets stated in the last paragraph.
In what follows x0 will be a point in the topological space X with a 4OY,l56.1-7 countable basis of neighbourhoods {N,: i E FV 1, and F a set-valued map from X into Y. We write 9 to denote the decreasing sequence Proof: If (y,,) is a sequence which is eventually in y;, then it satisfies the contitions of lemma 3 in [12] , an so (y,,) has a cluster point in F(xd I
Applying our results in the first section we have THEOREM 1. (Labuda [16] ). V F is upper semicontinuous at the jirst countable point x0 of X and Y is a space in which the relatively countably compact subsets are relatively compact, then the set C(R, F(x,)) is a relatively compact peak qf F at x0.
Proof. Our Corollary 1 says that C(9, F(x,)) is relatively countably compact and therefore relatively compact. Our Proposition 2 says that C(9, F(x,)) is a peak of Fat x0. # Let us observe that we already know that C(9, F(x,)) = Frac F(x,,) c F(xO), Therefore, in order to obtain a compact peak of F at x0 we need something more to control the closure of the set C(9, F(x,)) inside F(x,). A natural condition is that F(x,) be closed in the G,-topology whenever Y is a regular space [12, 161 . In this case Frac F(x,) c F(x,) and therefore Frac F(x,)= C(9, F(x,)) is a compact peak of Fat x,,.
More restrictions on Y give the following, Proof: It is enough to apply Corollary 5 to reach the conclusion. 1
For more applications and discussion of these results see [ 12, 161 4 
. GENERATING UPPER SEMICONTINUOUS SET-VALUED MAPS
In what follows x0 will be a first countable point in the topological space X and { Ni: i E N } will be a basis of neighbourhoods of x0 in X. Let F be a set-valued map from X into a topological space Y. Let us write F to denote the sequence F, = FW,J, p = 1, 2, . . . .
We are going to apply our previous results to study the problem of constructing a compact cap of the map F at x0 verifying F(x,) c K.
We shall say that F is countably subcontinuous at x0 when the decreasing sequence B is relatively countably compact [ 171. Of course in that case, F(xO) is relatively countably compact. 
Proof
It is enough to apply the last theorem at each point x of X to obtain a countably compact cap Cx of F at x. The closure of this cap is the compact cap we are looking for. Indeed 5 is none other than the boundary.
fl {F(U) : U is a neighbourhood of x}.
The upper semicontinuity of the map F easily follows from the compactness of Fx together with the regularity of Y. 1 A web-compact topological space Y is defined as the closure of the image of a set-valued mapping F: X+ Y which is countably subcontinuous at each point of a separable and metrizable space X [20] . If in Y the relatively countably compact subsets are relatively compact, the last corollary says that Y has a dense countably determined subspace. This result was proved by the authors in [3] in order to obtain the fact that compact subsets of C,(X) are Gul'ko compact spaces.
Note.
Let us mention here that the problem of extending a given upper semicontinuous set-valued map F defined on a subset A of X to some point x E X\A has been recently solved by A. Lechicki and S. Levi [ 171 using the same techniques. During the preparation of this paper we have received a preprint [17] of their work, where, among other results, details of the former problem can be found.
COUNTABLY DETERMINED STRUCTURES
If Y is a countably determined topological space, there is an upper semicontinuous compact set-valued mapping T Proof: It is enough to apply that the weakly relatively countably compact subsets of Y are weakly relatively compact, together with the fact that, if some dense subspace of Y is weakly countably determined, then the same is true for the whole space Y [24] . 1 For other characterizations with the same spirit see [22] . In the case of K-analytic structures the space M can be chosen to be equal to NN with the product topology of discrete spaces. In that case we have a fundamental family of compact sets of NN given by where for two sequences c ( = (a,,) and p = (h,,) Previous results of this kind can be found in [ 11.
COSMIC TOPOLOGICAL SPACES
Let us recall that a topological space Y is said to be a cosmic space if it is the continuous image of a separable metric space. For any regular cosmic space Y the complement of the diagonal in the product Y x Y is a Lindelijf space, and so Y is submetrizable, that is, there is a metrizable topology on Y coarser than the original one.
We are going to apply our former results to give conditions to assure that a given submetrizable space is going to be a cosmic space. Let us remark here that Theorem 7 for metric spaces has recently been proved by Mercourakis [19] . Another application in the same spirit is the following result. Note. Some different applications of the results given here, in the framework of locally convex spaces, will appear elsewhere.
